Unit - VI

Numerical Methods - 2
Introduction

We come across with situations, while solving an engineering / physical problem or
in the course of an experiment, having a data comprising a set of discrete values of the
dependent variable corresponding to various values (equidistant or otherwise) of the
independent variable.

We discuss various numerical methods for

(i) Estimating to a desired degree of accuracy the value of the dependent variable
corresponding to a value of the independent variable

{ii) Knowing the form of function which satisfy all the conditions / data on hand

(iii) Obtaining the derivatives of the unknown function at some specified points o:
the independent variable

(iv) Obtaining the definite integral of the unknown function or the value of the definite
integral without the actual integration.

The numerical methods are highly useful when the analytical / theoretical approach
to the problems are either unavailable or highly difficult.

Finite differences

Consider a function y = f(x). Let x, , x =x,+h , x,=x+8 ,. . .

x, = x, ,+h beasetof points at a common interval i Let the corresponding values

of y=f(x) be yy=f(x)), y=f(x)), ¥ = ()., vy, =f(x)

The value of the independent variable x is called the argument and the corresponding
functional value is known as entry. We define forward and backward differences
concerning these values.

Forward Differences

The first forward difference of f(x) denotedby A f(x) is defined as follows.

Af(x)=f(x+h)-fix)
A is called the forward differenice operator.
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Thus we have for the values X o Xy Xy pen X,

Af(xo)zf(xo+h)—f(xu) or Ay, =¥~ Y
Af(x])zf(x1+k)-f(x]) or  Ay; =y,
Af(xy) = flxy,+h)—f(xy) or Ay, =y,-y, etc,

Af(xn-l):f(xn—1+h)_f(xn~1) or éyn—lzyn_yn—l

The difference of the first forward differences are called second forward differences. They
are as follows.

1l

2 2
Ayo Ay]—AyU P Ayl = Ayz—Ayl .

2. _ 2 _
Ny, = by =Dy, ... Ay, =Ny, -4y, ,

Similarly the other higher order differences namely the third, fourth, etc., are obtained
and tabulated. Such a tabular arrangement is called forward difference table :

The first entries in the table namely A Y A2 Yo, A3 Yy
leading forward differences.

-+ Ay, are called the

* v s | Ry oy i Ay
*o Yo |
Ayn
1 % A%y,
Ay, | A3y0
o) ¥ Ay,
A’ Iyo
_ A’ Yn_3
Yn-1 Yn-1 Ay
A Y, 4
x{‘_ I ¥ no IS I S - -
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Backward differences

The first backward difference of f(x} denoted by V f(x) is defined as follows.
Vflx) = flx)-f(x-h)

V is called the backward difference operator.

If x=x:Vf(x)=f(x)-f(x,-h) ot Vy =y -y, _,
x,—h=x, [ and f(x,_ )=y,

If x=xn_1:Vf(xn_,l):f(xndl)—f(xn_.lwh)

or VY, = Yp1~ Yy O Vi =1y VY =Y - Y

The difference of the first backward differences are known as second backward
differences. They are as follows.

2 2
Vi, =V, VY VY, = VY7V

Vi, = V-V,

Similarly the other higher order backward differences namely the third, fourth etc., are
formed and tabulated. Such a tabular arrangement is called backward difference

table :
o e o — - R
Xy VY VL Yy | ‘ vy
|
. *0 ‘ Yo ; ‘ |
] e I
‘ ol - Vi
' : |
: | | :
: _ Vi, | Vy, |
| x?_ I y2 Vz Y- | ‘
|
| _ .
| B | Vi, |
| | | !
| | '
3
I : A% Y,
. X . y _ : VE )
n-1 : n—1 y” |
| vy, |
| .
! n | L B o B L L
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The last entries in the table namely V Yy, v2 Y, v Yyro % y,, are called the
leading backward differences.

WORKED PROBLEMS

1. Construct a finite difference table for the function f(x ) = X0+ x + 1 where x takes the
values 0,1, 2, 3, 4, 5, 6. Identify the leading forward and backward differences.

>> flxy=2+x+1 by data. From this we obtain
fUO) =L A1)y =3,f(2)y=11,f(3) = 31,f(4) = 69, f(5) = 131,f(6) = 223.

The finite difference table is as follows. _ TN
x - f(x) = y First Second l Third Fourth
N difference | difference | difference | difference
0 1. '
2 A
1 3 6
8 _; 6 _
2 11 12 | 0
! : 20 6
3 31 s 0
8 6
4 69 24 0
! 62 ! : 6
5 131 .. 30
92 _.
o . m | I R B

Taking X, =0, Yo = 1, the first value in every column are the leading forward
differences. They are as follows :

Ay, =2, A2y0 =6, ﬂsyo =6, A4y0 =0

Also by taking x, = 6, y = 223, the last value in every column are the leading
backward differences. They are as follows :
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2. Construct the table of differences for the following data

0 o 20 30 40
22 3.1 46

s 1 s
Evaluate A*f(20), A3£(10) and A*F(0)

>> We shall construct the forward difference table.

L S=y | Ay ] A%y Ay Aty
x5, =0 Yo =1 _
Ay, =05
x, =10 y, = 15 Az&’o =02
Ay, =07 | A3y0=0
x, = 20 y, =22 Aty =02 Aty, =04
Ay, = 09 Ay, =04
x3 = 30 y3 =31 | Ay, =06
| Ay, = 15
x, =40 ‘ y, =46 .'

Thus we have from the table,
A*f(20) = Af(x,) = Ay, =06
A1) =Af(x) =My =04

3. Starting from the definition of the finite differences obtain expressions for
A? Yo A3 Yy v2 y, and v y,, interms of the values of y .

>> We have by the definition Af(x) = f{x+h)-f(x)
Af(xg) = flxy+h)-f(xy) or Ay =y —y,

Similarly Ay, =y, -y,

Now A2y0=A(Ay0)=Ay1—Ayg:(312‘91)_(}/1_3"0)

Thus A2 Yo = Yy~ 2y, + Y,
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A(A? Yo) = Ay, =2y, +y,)

il

Now A Yo

|

(Y3=Yy) = 2{(Y,—y) + {yy— )
3
Thus A" y, = y, -3y, +3y,—,

We have by the definition V Yo = Y=Yy q
V2 (y,)=Vy,-Vy _,
=Yy Y)Wy =y _5)
Thus szn =Y, -2y, Y,

3 2
Next V'y =V(Viy)=V(y, -2y ,+y,_,)

il

(yn—yn—l) - z(yn—l_yn—Z) + (y'u—Z_yn—3)

4. Prove the following results.

@ oy, =y, Ay Aty ATy

)} V2 Yg = Vg~ 2y, Yy,

>> (a) Consider RHS=y,+Ay, + A? Yot A’ Yo

e, =Yt (YY) H (W =2y + Yy ) + (Y3 =39, 3y~ Yy = vy
Thus R.H.S = LH.S

(b) Vilg = ¥g =Yy

VIiVyg) = Vg = Vi, = (Yg=y, ) — (1~ Yy )

Obtain the following :

5 A (x+cosx) 6. A7 (23 7. A" (ab")

oo
>
(]
—
¢
MI
+
o |
L
+ |
o |
L 1
=
By
[n-%
&
(2%
=
fl
[ -
O
[
1
3
=
]
._‘,\
|
I
e sy

—’ where B = 1



FINITE DIFFERENCES 303

>> 5. A (x+cosx) = <j(x+h)+cos(x+h)i—(x+cosx)

h+{cos(x+h)—c05x;

>> 6 A (X3 2 S A(H) = {ezi“h)—ez"}
= e (1)
A(82x+3)=62x+3(€2h_1_)
Now A (Ae™*3) = (P -1)a (&3
ie, A (X3 =(Po1) B3 (o)
A2(82x+3)=(62h_1)2;,?_1‘+3 |

or and so on

>> 7. A(abf )y =ab™t i —ap = 20" (W -1)

Also A A (ab')=(V'-1)a (ab")

ie, A (ab%)=(¥'-1) ab* (' -1)

or A% (ab") = (F'-1)2at and so on.

Thus we get, A" (ab’) = (H'-1)" abt*

>> 8. Let f(x) = m = E;r 2)(x_+—3)
Af(x)=f(x+h)—f(x) by thedefinition.

Since h=1,Af(x)=f(x+1)-f(x)

Now, A<:Af(x)}=Af(x+1)—Af(x)

={f(x2)=fla+ D)= fx+1)-f(x)]

A f(x) = f(x+2)=2f(x+1)+f(x)
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2 - 1 e _72__.__ e ____\_1_____._.
Af(x)—(x+4)(x+5) (x+3)(x+4)+(x+2)(x+3)
(X +2)(x+3)-2(x+2)(x+5)+(x+4)(x+5)
B (x+2){(x+3)(x+4)(x+5)
(A5x4 6) (20 T 14x+20) + (P + 93 +20)
- (x+2)(x+3)(x+4)(x+5)
2| 1 _ .6 _
Thus & [ﬂma]"(x+2)(x+3)(x+4)(x+5)“’hereh‘1

! [P ot (gL
>> 9, Let f(n) = tan ( . J—t‘m [1 HJ
Af(n)=f(n+1)—f(n)sincek = 1by data.

= tan” ! {1— ---—1—J—tan_1 (1—1-}
n+1 n

But tan”lx—tanhly = tan” ! [Li]
1+ xy

Af(n)=tan" | —— ) W(___]_

Afin) = tan~

L B ]
=t . = -
an 2n(n+1)—(u+1)—n+1} tan [2?12]

- -1 _
Thus A tan ! {f?—-] = tan ! (—-lszhereh =1

10. Show that A log f(x) = log 1[1+_Af_L(xx))}

>> LHS = A log f(x) = Iogf(x+h)—10gf(x)
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LHS = log {I(_xtﬁ)} b H(x)+f(_x_+h_)_—f(x_)}

fix) ] f(x0)
e [ LOOFAfCy ) [ Af(x)
LHS —log{ (o) .‘ulogll-s-f(x) J_R.H.S

Thus L.H.S = R.H.S

Interpolation

If vy, ¥y, ¥y, =Y, be a set of values of an unknown function y = f(x)
corresponding to the values of x: Xgo Xy Xy, 0 X, the process of finding

(estimating) the value of y for any given value of x between x, and x, is called

v
interpolation. Also the process of finding (estimating) the value of y outside the given
range of x is called extrapolation. In general the concept of interpolation includes
extrapolation also.

Thus we can say that interpolation is a technique of estimating the value of an unknown
function for any intermediate value of the independent variable.
For example, if we have the data :

x 0 4 . 5 8 | 10

!
| Fx) 6 5 17 29 | 40 87

the process of estimating {3}, f(7), f(125), f(14) etc.is interpolation and
estimating f (- 05), f(18), f(25) etc. is extrapolation.

We first discuss interpolation for equal intervals which will be followed with
interpolation for unequal intervals.

Interpolation formulae for equal intervals/equidistant arguments

We discuss interpolation formulae for equal intervals based on forward and backward
differences.

These formulae are established by approximating the unknown function to a
polynomial in x whose values coincide with the value of f( x) at the specified points
of x: Xgr Xp, Xy, oo X,

Forward difference interpolation formula and Backward difference interpolation
formula

Lety,, ¥y, ¥y, -y, bethe values of an unknown functiony = f( x ) corresponding

to equidistant values of x: Xg, X; = X+ i, Xy = Xy + 2h, - x, = x5t nh.

Then we have the following two interpolation formulae.
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Newton’s forward interpolation formula

The value of y = f(x) at x = xy+7h, thatis y, = f(x,+rh) is approximately

given by
rir—-1) r{r—1Xxr-2
Y, = ygtr Ay()‘*“""'i— Azyu + 3!( )A3y0 + -
N f__(__r_—l)(r-2)~(r—n—1iAny
n! 0

where 7 is any real number.

Newton’s backward interpolation formula

The value of y = f(x) at x = x, +7h, thatis y = f(x +th) is approximately
given by

r{r+1) ng N r{r+1)(r+2)

3
2 n 31 Vil + o

Yy, =y, trVy +

N _r(r+1)(r+2n)l---(r+ﬁ?f) "

where r is any real number.

Appropriate interpolati.on formula
To estimate the value of y at a desired value of x near the beginning of the table ( first
half, x is close to x, ) forward formula is appropriate.

Similarly to estimate the value of y at a desired value of x near the end of the table
(second half, x is close to x ) backward formula is appropriate.

The polynomial y = f( x) satisfying the data can also be found from these formulae
and it is called an interpolating polynomial.

Note : The word appropriate is used in the sense that the computational work will involve
relatively smaller magnitudes. Either of the formulae can be used for obtaining the required
resulf.

Working procedure for problems
= We construct the difference table in accordance with the interpolation formula.
= We compute the value of r where

X—x
(a) r = 5 0 in the case of forward interpolation formula, x, being the first value of

x and k is the step length.



INTERPOLATION FOR EQUAL INTERVALS 307

X-Xx
(b) r = _h_n in the case of backward interpolation formula, X, being the last value
of x and 4 is the step length.

= The value of r along with the value of the finite differences are substituted in the
interpolation formula which results in the value of y at the desired value of x.

WORKED PROBLEMS

11. Find y (1.4 ) given the data

- Ty TS —;
y 10 26 58 | 12 194

-+

>> Herewehavetofindyat x = 14

Since the value x = 1.4 is in the first half of the table near x = 1, Newton’s forward
interpolation formula is appropriate and we shall construct the forward difference
table :

x v | Ay Ay Ay Aty
% =1 y, = 10 5 '

2 2 6
2 6

3 | s8 2 0
| 54 6

4 112 28
| 82

5 IO 194 e e e —

We have Newton's forward interpolation formula :

r(r-1) » r(r-1)(r-2) .3
Y, = Yy trAy, + —5r A%y, + B TR Ayt

X=X,
where 1 = 5

x = point at which y is required = 1.4
x, = initial point ( first value of x )=1

1.4 -
h = common interval length =1, Here r = Tl =04
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From the table A y, = 16, Azyﬂ =16, A3y0 =6, A4y0 =0

04)(04-1)
2

y(14) = f(14) = 10+(04)16 + L2 (16)

. (0.4)(0.4—;)(0.4__—& (6)

= 10+64+(04)(~06)8+(04)(~06)(-16) = 14.864
Thus y(14) = 14.864

12. Find g from the data -

uy = 225,M1 = 238,1{2 = 320,u3 = 340

>> The value x = 0.5isnearto x = 0 and hence Newton’s forward interpolation
formula is appropriate.

We shall first construct the forward difference table.

B S R 2 R
=0 oy =25
| | Ay, =13
1 238 ) Ay =69
| 82 Ay, = ~131
2 320 -6z ]
| | 20 |

We have Newton’s forward interpolation formula :

r{r—-1)

2 r(r=1)(r-2) 3
Y, = y0+rAy0 + T A Yyt Ty T A Yot+..
X-x _
where rz-hu, rzg% 0=O‘5

05)(05-1
(05)(05-1) 4,

(05)(05~-1)(05-2)
+ L o

F(05) = 225+05(13) +

(-=131) = 214.6875
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13. The area of a circle (A) corresponding to diameter (D) is given below.

D 8 0 %5 100

A 502 | 5674 632 7088 . 7854 |

[ FE N —

Find the area corresponding to diameter 105 using an appropriate interpolation formula.
>> Here we have to find A when D = 105 ‘

As this value 105 is near to the end value 100, Newton’s backward interpolation
formula is appropriate. D and A correspond to x and i. The backward difference table
is formed first.

- =D% y=4A Yy ¥y Wy Yy
80 5026 ; @
648 |
! 85 5674 40
: 688 -2 |
L0 6362 38 | 4 |
| 726 | 2 | !
95 7088 _ 40
- 766 |
G 10w, =78 | o o
We have Newton's backward interpolation formula :
r{r+1) _» F(r+1)(r+2) _3
y, =y, +rVy, + T VoYt e Yy,
LU ) (r83) p
41 Yn
XX 105 - 10
where r = ~—— : r = 105~ 100 =1
fr 5
From the table Vy = 766, 2 y, =40, v v, =2, v? y, =4
. 1 1)(2
£(105) = 7854 +1 (766 + LA (ap) ¢ 1UEIG)
(1)(2)(3)(4)
+ 24 (4)

= 7854+ 766 +40+2+4 = 8666
Thus the area (A) corresponding to diameter (D } = 105 is 8666
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14. The foHowmg table give the values of tan x for .10 < x < 0.30. Find tan (0 26)

— . - | e 1

x 0.10 | 015 | 020 ' o2 030
’ 0.1003 0.1511 02027 | 02553 | 03093

fan x

>> Here the value x = 0.26 is near the end value 0.30

Hence Newton's backward interpolation formula js appropriate. The backward
dlfference table is as follows.

ey | D ey, ey Ty,
010 | 01003
_' 0.0508 |
0.15 0.1511 0.0008
‘ 00516 | 0.0002
0.20 0.2027 00010 . 0.0002
00526 0.0004
0.25 0.2553 | 0.0014
0.0540 ‘
x, =030 | y, = 03093 ‘

We have Newton’s backward interpolation formula :

rir+1) _» r{r+1)(r+2)
Yp = Y 7VY, 75— Yy, 3 vy,
+T(Y'*"_1)(7’+2)(?'+3_).V4 +.
4! !
X=X, 0.26 - (.30
where r = A ‘ ?’—W"Z_O'S'

From the table,
Vy, = 00540, Viy =00014, V’y, = 00004, V¢ y =0.0002

(-=08)(-08+1)

£(0.26 y=0.3093+ (- 0.8 ) (0.054 ) + > (0.0014)
\ (—0.8)(—0.8;1)(—_0.8+2) (0.0004)
, (Z08)(-08+1)(-08+2)(- 08+3)(00002)

24
f(0.26) = 0.26602
Thus tan(0.26) = 0.2660
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15. Extrapolate for 25.4 given the data

[ 0 _L} » 23
Ly 91 | 10025 | 110 | 12025 | 131

»>> Wae shall first construct the backward difference table.

‘ LA R vy vy |y
‘ 19 91 | |
925 |
20 10025 0.5 |
975 | 0
21 110 - 0.5
10.25 B
! P . | V yﬂ -
2 120.2 a 2., -
0.25 | . Viy, =05
Vy, =1075

We have Newton’s backward interpolation formula :

rir+1y _» r{r+1)(r+2) _3
yrzyn+rVyn+ﬁ—V Y, *+ 31 Viy +--
=Xy, 25.4-23
where r = T 1 =24
f(254) = 131+(24})10.75 +(£4—)—(—2—4—1—L—1l (0.5) = 158.84

Thus f(25.4) = 158.84

16, Given f(40) = 184, f(50) = 204, f(60) = 226, f(70) = 250, f( 80) = 276,
f(90) = 304, find f(38) and f(85) using suitable interpolation formulae.

>> Here we shall find f(38) using Newton’'s forward interpolation formula and
find £(85) using Newton’s backward interpolation formula. The finite difference
table applicable to both the interpolation formulae is as follows.
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_X_. . ftx)-y  Idifference  Idifference Tl difference

| 40 184 |
| -
50 204 . 2
| 22 | 0
| 60 226 2
l | i 24 | 0
70 | 250 2

| 26 | 0
5 80 | 276 2 |
| 28
S T

To find f(38) : We have from the table

- 2. 3. _
x0=40, Yy = 184 , Ayo—20, A yU—Z, A yU-O

We have Newton'’s forward interpolation formula :

r(r-1) o
yr — y0+r Ayn + __21 L A y()+. .

Y% 38 - 40
where r = p porETyTT S -0.2
F38) = 184+ (-02)(20)+ (T22(-02-1) (2) = 180.24

2
Thus f(38) = 180.24
To find f(85) : We have from the table

‘ 2 3
.\I:_‘)O, yn=304, \zy”:ZB, Vv Y, =2,V Y,

!

Also we have Newton's backward interpolation formula :
r(r+1) o
y, =y, trvy + T Vit

- H

= = -05.

h 10
(-05)(-05+1)

f(85) =304+(~-05)(28) + 5

=0

(2)=28975
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17. Given sin45%=0.7071, sin 50° = 0.7660, sin 55°=0.8192, sin 60" = 0.8660, find
sin 57° using an appropriate interpolation formula.

>> We have to find the value of f(x) = sinx at x = 57° which is near the end

value ¥ = 60" and hence Newton’s backward interpolation formula is appropriate.
The
difference table is as follows.

Y fto=y Yy Wy Py
! 45 0.7071
| 0.0589
50 07660 -00057
C0.0532  -0.0007
55 | o812 00064 |
| 00468 | ?
x = 60 | y, = 0.8660 ) _

it

We have Newton’s backward interpolation formula :

r(r+1) _2 r(r+1)(r+2) _3
V. =Y, +rVy” + Ty A% y, + Ty v y,to
X—x :
n 57 - 60
where ¢ = 5 r = 5 = —{.6.

From the table, Vy_ = 00468, V* y = —0.0064, V" y_ = —0.0007

M

F(57) = 0.8660 + (— 0.6)( 0.0468 ) + (;{-}ﬁ—)—(-i?—a—‘f"f-l-)

(~06)(-06+1)(-06+2)
+ -_____.____..__6_____._..__... A - (

(- 0.0064)

- 0.0007 ) = 0.8387

18. Find the interpolating polynomial f(x) satisfying f(0)=0, f(2)=4, f(4)=56,
F(6)=204, f(8)=496, f(10)=980 and hence find f(3), f(5) and f(7)

>> The interpolating polynomial can be found from either of the two interpolation
formulae. We shall use Newton's forward interpolation formula. The difference table

is as follows.
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x l__f(x):y Ay Azy_____i Ky Aty
Xg =0 | y,=0 | |
Ay0=4
2 4 &2y0=48
52 Ay, =8
4 56 9% s
Ay, =0
148 : : 48
6 204 144 _ 0
292 48
8 496 192 :
484 .
10 980 | |
We have Newton'’s forward interpolation formula :
rir=1) .o r{r-1)y(r-2)
Yp = Yot rAly + — o Ay + 3! Bygt--,
X=X x—0 X
where v = 0 Here r = 5 or r=§
x{x x (x x
. 2L_2*1 2(5‘1 (i‘zJ
y=f(x) =0+ 5(4) + — 5= (48) + - — (48)
x [ x-2 x{x-2 x—4
3 () o157

2x4+x(x—2)(6)+x(x-2)(x—4)

x[2+6(x—2)+(x2~2x—4x+8)}

X [2+6x-12+x2—6x+8] - ¥ 2

Thus the interpolating polynomial is y = f(x) = x* - 2x
Now putting x = 3, 5, 7 we obtain
f(3)=21, f(5)=115, f(7) =329

Note : It may be observed that if we substitute the given values of x namely 0, 2,4, 6, 8, 10
in the polynomial, the values of f(x) coincide with the values given in the data.
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19. From the following table find the number of students who have obtained (a) less than 45
marks (b) between 40 and 45 marks.

i - ' ]
50-60 . 60-70 70-80 ﬂ

| Marks | 3040 4050

|
|
- | |
ﬁh}__. of students 31 _ 42 |_ 51 o _35 31

>> We shall reconstitute the given table with f(x} representing the number of
students less than x marks. That is,

less than 40 marks 31 students,

less than 50 marks 31 +42 = 73 students,

less than 60 marks 73+ 51 = 124 students,

less than 70 marks 124 + 35 = 159 students,

less than 80 marks 159+ 31 = 190 students.

We have the new table along with the forward differences.

(a) We need to find f(45) being the number of students scoring less than 45 marks.

T N [
o L=y | oay Ay | Ay | Aty
X, = 40 ¥y = 31 :
Ay, =42
50 73 | A2 _
A= .
51 ' A3 ogl
| A Yy = 25.
60 124 _ 4,
16 A" Yy =37
35 12
70 159 —4 :
T . ‘ |
S I N N I S AU ]

(a) Weshall find f(45) by applying Newton's forward interpolation formula .

r{r-1% » r(r-1)(r=-2) 3
Y, = ygtrdyy + T A%yy + - E A% Yot
xX-x -
where 7 = 0 ¥ = 45 - 40 =5
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f(45) = 314(05)42 + (—9-'5..)_(;3_-571_) (9)

(05)(05-1)(05-2)
. - 0322)

(_25) + (05_)

—

0.5-1})

f(45) = 4786 = 48
Thus the number of students obtaining less than 45 marks is 48.
(b) Weneedtofind f(45)—f(40). But f(40) = 31 by data..

Hence f945)—-f(40) = 48-31 = 17

Thus the number of students scoring marks between 40 & 45 is 17.

20. A survey conducted ina slum locality reveals the following information as classified below.

3040 | 4050
20 | 115

| Income perday (Rs) _Under10 | 1020 2030

Number of persons 20 45 115

i
|
!
i

Estimate the probable number of persons in the income group 20 to 25,

>> The given data is reconstituted with f{x) representing the number of persons
less than income of Rs. x. That is,

less than Rs. 10 = 20,
less than Rs. 20 = 20+45 = 65,
less than Rs. 30 = 65+ 115 = 180,

less than Rs. 40 = 180+ 210 = 390,

less than Rs. 50 = 390 + 115 = 505

We have to find f(25) and f(20) which estimates the number of persons having
income less than Rs.25 and less than Rs.20 so that their difference, that is
f(25)—f(20) will give us the number of persons having income between Rs.20 and
25. The new table along with the forward differences is as follows.
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TV N
x, = 10 v, = 20 | i :
45 |
20 e 70 |
| s 5 | |
%0 180 95 215
| 20 ~190 |
40 390 . -95
115 L :
500 1 505 |

We have Newton’s forward interpolation formula :

Y, = Yot rAY, re r2;- R iy + r(."_.lél!_.(_’f_i_z___] Ay,
A DA "4.? 2)(r=3) 44 Yo+
X—X T

where r = ---—}-I----(-} ; F = 1-—-1-01“
Case (i): Tofind f{25)wehave ¢ = 25_1_019 - 15
From the tableAyU = 45, A Yy = 70, A} Yy = 25, Al Yy = -215
Now, f(25)=20+15(45)+ ) 521—:5-7—1 ) (70)

L (52182 1)(1572) (5, (15121182 USI) (g,

F(25) = 107
Case (ii): Tofind f(20)we have r = 20_1-_-0!—(-]— = 1

Now f(20) =20+1(45)+0+40+0
£(20) = 65
Hence f(25)—f(20) = 10765 = 42

Thus the number of persons in the income group of Rs.20 to 25 is 42
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21. Compute u,, , from the following table by applying Newton’s backward interpolation

B S R T S S " B T T
u : 0.240 _ 0.281 | 0.318 ! 0.352 ' 0.384 !
X ISR RO _ - R | .

>> We shall apply Newton’s backward interpolation formula and the difference
table is as follows.

— s ————

SN VWl Yy Yy Wy
10 0.240
0.041
12 0281 | ~ 0.004
0037 0.001
14 0318 —0.00: 3, _ vt o
| 0003 “voy =000t Vty =0
16 0.352 0.034 | v2s y,=- 0.002
x, =18 ly =038 Vy =0032]

We have Newton's backward interpolation formula :

v, =y +rvy, + r(r;!-__l)_ 2 v, r(r+133i(r+2) o3 y b
where r = x—;xﬁ = %&18 =-109
g, = 0384+ (-19) (0.032) + (—_--1-‘2—)2—(:9'?—) (-0.002)
+(_19)(1f9)(a12(amn)
Thus  wu),, = 0.3215

22. Use Newton's forward interpolation formula to find Y35 gven Yo, = 512,
Vyg = 439, 1,5 = 346, Yso = 243.

»>> The difference table is as follows.
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Y W=y Ay Ay Ay
Xy = 20 Y, = 512 '
Ayo =-73
30 439 _ A2 ¥, = —-20
_ 3
| | 93 Ay, =10
40 346 -10
-103
| 50 R
We have Newton’s backward interpolation formula :
r{r-1) - rir=-1)(r-2}%
yr:y0+rAy0+—2—I---——A Yo + Y A Yot -
X—-x
0 520
where r = p por = 6= 1.5
¥as = ¥(35) = 5124 (15) (-73)+ L2LLES) (g,

, (15) (0.2) (=05) 4,

Thus  y,. = 394.375

23. Find f(25) by using Newton's backward interpolation formula given that
f(O) =74720 f(1) = 75854 f(2) = 7.6922 f(3) = 7.8119 f(4) = 7.9252

>> The backward difference table is as follows.

- 1"

I R A Yy Py Wy
7.4720 i
0.1134 ‘
1 75854 | -0.0066
0.1068 : 0.0195
2 76922 ! 0.0129 ‘ vly = —0.0388
01197 | vy, = -0.0193
3 7819 | ' v2y, =-0.0064 |
Vy,=0.1133
x, = 4.y, = 79252 |
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We have Newton’'s backward interpolation formula :

rir+131 o F(r+1)(r+2) _3
yr - yn—l—rvyn + m_miI_—“— v yn + 3[ o V y”
rr+13(r+2)(r+3) _a
+ : 41 v Y.+

(-15) (-05)
2
LAm15) (=053 (05) (~15)(~05)(05)(15)

o (~00193) + - i (-0.0388)

F(25) = 79252 +(—15} (0.1133) + (- 0.0064 )

24. In a table given below, the values of y are consecutive terms of a series of which 23.6 is the
6" term, Find the first and tenth terms of the series,

ox 3 1 4 5 e 7 . 8 9

.y 48 | 84 145 26 362 | 528 739

>> We need to compute ¥ (1) and ¥ (10). Newton's forward and backward
interpolation formula respectively will be appropriate.

We shall first construct the finite difference table.

x|y . ldifference  Ildifference : IU difference | IV difference |
E a
| 3.6 !
41 84 - 25
| 6.1 0.5 |
5 1145 30 | 0
T 9.1 0.5
6 236 35 0
I 126 05
7 362 4.0 0
| 166 _ 05
8 528 45 '
21
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Case- (i) : Tofindy(1)
We have from the table,

2 3

We have Newton's forward interpolation formula :

r(r-1) Ay, L rr=D(r=2) A3y +

yr=y0+rAy0+ — 5 Y
X=X 1-3
where r=c r=-y =
¥(1) = 48+(-2)(36)+ =D (95 CDED D) (5

Thus  y(1}) = 3.1
Case-(i1) : Tofindy(10)
We have from the table,

=9, y, =739, Vy, =211, V'y =45, ¥y =05

We have Newton’s backward interpolation formula :

r+1 r(r+1)(r+2
Yr= ¥ +?‘Vy”+—(2' )V yn+_—_3)l ) l?" t-
X=X,
where r=——" ; rmg_? 1
h 1
5(10) = 73941211y + L2 (45), (DE2IG) (o5,

Thus (10} = 100

25. The population of a fown is gz'vm Zn,r Hre table.

T T
year 1951 | 19%1 1971 ' 1981 1991 |
: — i e — . .
Popu!atmn in thousands ~ 19.96 39.65 5881 . 7721 | 9461

Using Newton's forward and backward interpolation formula, calculate the increase in the
population from the year 1955 to 1985



322 NUMERICAL METHODS - 2

>> Wae shall first form the finite difference table.

i' ¥ } y I d_ifference Bt difference I difference|TV diffe}encei
1951 199 | |
a 1996 |

‘ 1961 3965 | | -053
| 1916 | - 023

1970 5881 | . —076 ~001
i ‘ | 184 | ~0.24 |
o191 | 7 -
‘ | | 17.4 |
L1991 946l | L. e

Case - (i) : Tofind y (1955}
We have from the table,
_ _ 2 _ 3 _ 4 _
Xy = 1951, Yo = 1996, Ay, = 19.69, A Y, = -053A Yo = -023, A Yy = -0.01
We have Newton'’s forward interpolation formula :

r{r=1) 2 r(r-1)(r=-2) .3
¥, = YgtrAy,+-- oy ATy, + TR Ay,

rir—1 -2¥{(r—-3)
L e

X-X%  1955-1951

p ;r 0 0.4

wherer =

y(1955) = 19.96+(04)(19.69) + -

(04)(-06)(-16)(-26)
24

(04)(-06)(-16)
* 6

y(1955) = 27.89
Case - (ii) : To find y ( 1985)

We have from the table,

(-023)+ (—0.01)

2 3
x, = 1991, y, =9461, Vy =174, Vy =-1, Py =-024, V'y = -001

H

We have Newton’'s backward interpolation formula,
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r(r+1) .2 rir+1)(r+2) 3
y:’ — y”‘i"?‘ Vyn+_2|__ v yn+ 31 A% yn
r(r+1)(r+_2)(r+3) 4
oA 41 Lt V yﬂ+...
r-x 1985 - 1991
"
wherer = A ;Fr = 10 = -06

y(1985) = 9461+(-06)(174) + -(70'—6;—(-0'4—) (-1)

L (708 (04) (1) g5y, (Z06)(04) (142(24)

54 ~0.01)
y(1985) = 84.3

Thus the increase in population from the year 1955 to 1985 is 84.3 — 27.89 = 56.41
thousands.

EXERCISES
Find the following.
1. &(tan_lx) 2. AZ{COSZX‘) 3. A(eY)
4. A n j5x—+12— whereh = 1 5. A(tanax)wherelr =1
L X +5x+6

Prove the following.

6. Y, = ynJrﬁ!:At1,!0+6Az_1;0+4A3y0+f£&4yU

H

7. A° Yo = Yo —0y5 +15y, — 20y, + 15y, — 6y, + Y

3 — —
8. A Yy = }fn+3"39'”+2+3}f”__1 Y

Use an appropriate interpolation formula to estimate y = f(x) for the given value
of x [Problems 9 t0 12]

o+ 117 s 19 20 [ 21 22

f(x) 5474 | 6050 6686 7389 BI66 | 902

e L M

F(185) =2

0.« w0 15 200 250 . 300, 350 400
y 1063 . 1303 | 1504 . 1681 1842 | 199 2127

y(218) = ?
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o w1000 1010 | 1020 | 1030 | 1000 | 1050 |
.y 13 | 3003 3008 | 30128 | 30170 | 30212 |
y(1044) = 2

12. S S T S T S S R N
_ftx) oy 0 03010 04771 | 06021 | 06990

y(52) =?

13. Given sin 20 = 0.3420, sin 259 = 0.4226, sin 30° = 0.5000, sin 35" = 0.5736,

5in 40° = 0.6428. Find sin 24° and sin 42° using appropriate interpolation
formulae.

14. Fit an interpolating polynomial u . satisfying

H_y ==3, 1_,=5, Hy = 13, u, = 69, uy = 221

Hence find iy and Uy .

15. From the following data estimate the number of students who have scored less
than 70 marks.

Lo Markks 020 2040 4060 | 6080 | 80-100
 Noofstudents | 41 ' e | e | 50 gy

16. From the following data estimate the number of students scoring marks more than
40 but less than 55 .
Marks | 3040 | 40-50 | 50-60 | 6070 | 70-80

E . . o f ; R : e e _._+.. H
- Noofstudents 31 ' 4 ' o5 ' 3 |3 |

17. Apply Newton’s forward interpelation formula to find ¥ (0.66) given
¥(0)=0,y(04)=0073,y(0.6) = 0.102, y( 0.8) = 0.128, y(1.0) = 0151

18. Given that ¥12 = 3464 , V14 = 3.742 V16 = 4 , VI& = 4243 , V20 = 4.472 |
compute ¥16.5 by using Newton's forward interpolalion formula.

19. Use Newton’s backward interpolation formula to compute u,. given
Hyy = 0.3420, 1, = 0.4067, tyg = 04695 u,, = 0.5299

20. Given the data :

LoxoL, B0 o0 om0 3400 L 350 a0
Clogex | 24914 250 | 25185 25315 | 25441 | 25563

compute log, , 335 by applving Newton’s backward interpolation formula.
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ANSWERS
-1 h .2
1. tan - =5 2, —4sin“hcos(2x+2h)
l+hx+ x2
h o ox . 2(5x+16) o
3. (-1 4.
(=1 e (x+2)(x+3)(x+4)(x+5)
5. AL ' 9. 6.354
cosax cosa{x+1)
10. 15.99 11. 3.0186
12. 0.716 13. 0.4068,0.6693
14. ¥ +6x2 +12v +13: 130, 517 15. 196
16. 69 17. 0.1101
18. 4.062 19, 0.4226 20. 2.525

Interpolation formulae for unequal intervals

Divided differences

Let _f(xo) , f(xl) , S Xy )i oo f(xn) be the values of an unknown function
¥ = f(x) corresponding to the values of x: Xyr X Xy,0 .. X, at unequal intervals.

The first order divided differences are defined as follows.

f(xl)_f(x{]) ,_f(xz)“f(xl}
f(x L X ):__. ________ o, f{x L X J: R —
Qr 7l X = X, 1772 Xy = X,
j'(x3)—f{,1'2) f(l }_f{x _1)
-f(x2’ ""3) - l_—_‘( . f( X” - 17 xn) - ,‘Ic —1"-_ -
3 "2 T -1
The second order divided differences are defined as follows.
f‘ ) f{‘xlf'tz)_f(l-()f xl)
lef xl ’ xz = - J_ I“"‘x '__
2 0
flx,, x))—f(x,,x,)
f(xl.' xz.'x'z}): 2 :; ) ]' 2_ Etc-!
- Xy =Xy
f(xu—'l 4 Xn)_f(xrr---Z’ xn—'l )
f(-",;_zf gy Xy) = __7};;}”'__2_“ T

Similarly the other higher order divided differences are defined. The tabular
arrangement of these valucs is called the divided difference table and is as follows.
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r_fx) o ¥'pDp ; 2pp . afpp
LXy f(xo) j ;
()
x| fa)  fy )|
o | flxy) L fp x|
| I Flxy x3) |
i o , ;f(x0x112Y,1)|
Xaoa fOx, ) LICRRNE SE |
| _ ?f(xn—z' Xy 1) | |
X,y flx, 40 f, oy %, 1 X,) !
| Cflx, X))
%, f(x”) | _ |

P

Note : The notation fm divided n’:ﬁermces should not be C(mfusc’d with the notation for
functions of two or more variables. f(x,, x,) does not stand for a function of two variables

x| and x,. Similarly f(x, X5, x4} 45 not a function of x,, x,, x5 and so on. Here

Xy, Xy, - avecalled fzrguments )

Newton’s divided difference formula
or
Newton’s general interpolation formula
Statement = If f(xq), f(x), fQx,), ... fOx, ) beaset of values of an unknown

function f(x) corresponding o the values of v XX at unequal

- ps T Ay

intervals, then
yo=flxy = flag )+ (x=x) Flxy, xg) +(x—x, ) (x—x ) f(x,, 1, )+
+(.‘c—7g.0)(:(~Jr1)---(x~—x”_1 )f(:{ﬂ, Xpo Xy, X))
WORKED PROBLEMS
26 Lise Newton’ s divided differenc r’formm‘a to find f(4) given the data -

x L0 23

Cod

o -4 2 14 | 158

.>> We shall first fnrm the table of dw1ded dlfferences
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_x_hﬂﬁwlmg!ﬂwhp3%&ﬂ
X =0 f(xg) = -4 i |
i | :
i ! f(xor x]) ‘ |
5 | 2-(-4) _ 1] I
| 2-0 ; !
x, =2 ! flx)) =2 flxy x, x2)=
12-3
| a3
i | 3-0
| i . .
! 14-2 9-3 !
; S -2 |
i 3-2 o 6-0 1
| x,=3 f(xy) =14 if(xl, X5 Xy)
| | 8-12
|  6-2
|
i I _f(XZI 13) '
' 158 - 14
—— 48!
; 6-3 | |
L xy=6 [ f(xg) =158 '

We have Newton's divided difference formula,
FOx) = flxg)+(x—x) flxy, x)+(x=x) (x—x,) f(%g X1 X,)
+{_1‘—.tn)(x—x1)(x—xz)f(xo, Xyr Xop x3)+-~
f(4)=-4+(4-0)3+(4-0)(4-2)3 +(4~-0)(4-2)(4-3)1
=—4+12+24+8 = 40

27. Construct the interpolation polynomial for the data given below using Newton's general
interpolation formula for divided differences

¥ I 2 i 4 5 : 6 | 8 ‘ . J0

R . 1 R S . PR -

v 10 | e 196 | om0 ses | 176 |

>> The divided difference table is as follows.
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x| ¥y=fx  pp _ 2“pp . _ ¥'pp |
Xy =2 f(xy) =10 | |
fag | | |
96 - 10 1
o 4-2 :
=4 | flx))=9% | ‘ Flxy X x5) ‘
: 100 - 43
| 52 TP
flx x;) flxy x, x5 x3)
196 - 96 27 -19
i = 00 : =
I Pl | 6-2
X, =5 fex,) =196 | flay, xp xy)
154 — 100
——" =27
Ce-a T
flxy, x) i FUxp, %y X3 )
I 350 -196 35— 27
6-5 54 B-4 =2
x3=6 éf(x3):350 : _f(;rz, Xp X, )
: 259 - ]54 =135 i
| 8-5 :
flxg, x| Df(xy Xy Xy, Xg)
868 - 350 45-135
— =2 ] —
8-6 > : 10-5
x, =8 flx,) =868 ‘ flxy xy %) ‘
439 -259 _ 45
10-6
flxg x3)
1746 - 868
10-8 ‘ ‘ i

s =10 f(x) = 1746 | !

The fourth order differences are zero as third order differences are same.
We have Newton'’s general interpolation formula,
flxy = flxgd+{x=x)f(x,, %) H(x=xy ) {x-x)f(x,, x;, x,)
+(x—x0](x—x1)(x-xz]f(xo, Xy, Xy x3)+’..
Now, f(x)=10+(x-2)43+(x~2)(x—-4)19 +{x-2)(x-4)(x-5)2
104+(x-2) 43+(19x-76)+(*-9x+20)2]

W0+ (x—2)(2x%+x+7) =22 -3 2 +5xv—4
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Thus the required interpolating polynomial is given by
f(x)y=2x>-3+5x—4

28. Fit an interpolating polynomial for the data

Uy =355, uy = ~5, ug =—21, ug =-14, uy = -125

by using Newton's general interpolation formula and hence find u,

>> We shall arrange the data taking the values of x in the ascending order along
with the corresponding values of u just for conventence.

(However this arrangement is not necessary)

The divided difference table is formed first.

TR (S F DD 2pp | _3DD
I Xy =0 flzg) : i
| = _5 I i
| ,
i flxy x) | ;
—14-(-5) : i
: S O M ' |
| o 1-0 !
i I.l = 1 f( xl ) i f( xor xll -xz ) I
-1 | -39
| ! Ao
‘ f(xl, .Tz) : i f(x xl( xzr x3)
| : e =),
! I 4-1 / -0
| xz = 4 f( .1-2 ) ‘ ! f( xlt xz; }‘3 ) |
| = -125 ! | 26-(-37) ‘
i 8-1 .
| ! ~21+125 ' 27-9
i Tl Tl _ = T3 :
: : ! g4 ° 10-1 '
1-3 = 8 ; f( X3) ; f(xzr x?‘; x4) . ‘
=~ 21 _ 188-26 . |
! , 10-4 !
: i TV
= | flxg, ay) : 5
! 5_(_2 i |
’ 353___(.____‘_'_1_.._) =188 '
10 -8 !

x =100 f(xy) |
_....: 355 T :
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The fourth order differences are zero since the third order differences are same.
We have Newton’s general interpolation formula,

Jlx) = flxp)+(x=x3)f(x5x;) H{x—xg)(x-x) f(x, x, x5)
H(x—x ) (x—x Mx-x)f(x, Xy Xo Xy ) ...
Now, f(x)==-5+(x)(-9)H{(x)(x-1)(-7) +{x)(x—-1)(x-4)(2)
~54x [-9+(—7x+7)+(x2—5x+4)2J

—5+x£212—17x+6j.
Thus  f(x)=u =2x-17x*+6x-5

Now f(2)=m,=2@2)~17(2)°+6(2)-5 = —45

29. Given uy, = 2437, u,, = 49.28, u,y = 162.86 and Uy = 2405 find u,g
by Newton'’s divided difference fornula.
>> The divided difference table is as follows.

s D u = i) wop | 2pp | 3pp
’ X, =20 flx,) = 24.37 :
I | |
' | | f{xe xy) 5
| - 49.28-2437 |
| 22-20 ! |
. = 12455 :
x, =22 fla))y =4928 j'(x[1 Xp Xy)
! ’ 16226 - 12455 i
29-20 :
L = 0419
C fogs) | F g % Xy x) |
| 162864928 - 0965-0419
9= , 32-20
- =16226 ! = 0.0455 !
=29 |f(x) = 16286 ‘ F(x, %y 1) |
| | | 2588-16.226 |
2 32-22 !
; ! = 0.965
| H
2405 - 162.86 | :
‘ 32-29 | i
- = 2588 I '
= flxy) =205 |
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We have Newton’s divided difference formula,
f(x) =f(x0)+(x—xu)f{:r0, X)) H(x—x5) (x—x; )f(xo, Xy, Xy)
+(x—xU)(x—x] ](x-—xz)f(xo, X1, Xy x3)+‘..
£(28) = 24.37 + (28 -20) 12.455 + (28 - 20} (28 - 22) 0419

+(28-20)(28-22)(28~-29)(0.0455)
Thus  f(28) = g = 141.938 = 141.94

30. Find the cubic polynomial which passes through the points
(2,4)(4,56)(9, 711)(10, 980) and hence estimate the dependent variable
corresponding to the values of the independent variable 3,5,7,11. Also express the
interpolating polynomial in powers of (x—1) and hence estimate thevalueof f(x) af
x =11 and 1.5

> We have to find f(x) where we have by data f(2) =4, f(4) = 36,
f(9)y =711, f(10) = 980. The divided difference table is as follows.

v re Lowee wpo. DD ]
oy =2 | f(x) = 4 i ‘
! , i f( x{y xl ] ‘
I ! _SE_ 4 - 2%
4-2 |
x =4 f(x))=56| flxy x %) |
131 - 26
: . e - S
| ‘ 9-2 ‘
l. flxy xy) ':f(xo, Xy Xy %3)
| . 711-56 | 23-15
. fo- VX - . i |
| 94 131 10-2
I x2:9 if(x2)=7lll flxy, X9 X3)
269-131 _ .
| | ~10-4
|
| | Fxy )
; 280_'__71_1 = 269
I ‘ 10-9 !
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We have Newton’s divided difference formula,
f(l) zf(xn)'k(x—xo)f(xo; x1)+(x_x0)(x_x1 )f(xuf xli xz)

=X ) (= x) (X -3} (x5, x, X, Xyht ...

Now, f(x)=4+(x-2)26+(x-2)(x-4)15 +{(x-2)(x-4)(x-9)1
=44 (x—2) [26+(15x—60)+{x2—13x+36)}
=4+{x-2) {x2+2x+2]

Thus f(x) = ¥ -2x isthe required polynomial.

Now f(3)=3-2(3)=21 ; f(5) =5°-2(5) =115
F(7y=7-2(7) =329 ; f(11)=11>-2(11) = 1309.
We shall now express the polynomial = 2xin powersof {x-1)
Consider f(x) = X -2x
:'f(x—l)3+3x2—3x+1_;—2x
= (x-1P+32-5x+1
= (x=1Y+3 {(x-1)2+2x~1 —5x+1
:(.‘1?*]}34-3(}’—1)21—.‘(—2
= (x=1P+3(x-10+ (x-1)+1!-2
Thus f(x) = (x~1P+3(x-1+(x-1)-1
Putting x = 1.1, f(11) = (11-1+3(11-12+(11-1)-1 = - 0.869
Putting x = 1.5, f(15) = (15-1)>+3(15-1)24(15-1)-1 = 0375

31. Using Newton’s divided difference formula find £(8), f(15 ) from the following data.

| . N . |
: x 5 4 ! 5 , 7 10 L 11 ‘ 13
| fx) f 48 100 T 204 900 1210 208

>> We have Newton’s divided difference formula
f(x) =f(x0)+(x_xn)f(xn; xl) + (’T_xo) (x_xl)f(th xlr xz)

t(x=xp) (x=x) (x-x,) f(x,, x,, Xop Xg)+-o-
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The divided difference table is formed as follows.

¥ f_ oo | 2iop  wpp 4 DD{
x, =4 ! f xo)=48 5 flxg. x) i I
_ 100 - 48 _
| | | IR ; =
! 3(1:'; if(gl).—l(}[) f(xlfx2) | N 1 ;‘[;»‘x}l;x‘j;x?ﬁ ‘
294 - 100 | =
| ‘ e T SO,y o 1044 0 !
i 202 - 97 | '
| _ _ -7 i . X
5_r2—7 _f(xz}—294 | ff\’ﬁ,,\' ) 10- 5 21 !f{xl,.\z,x3,14]‘
; i : 27 -21
; . 900 —294 : ‘ =1
! o7 =02 f, ) 11-5 o I
P L | 310-202 |
.x3—10!f(:13)—900 Flrex) i =27 1f(x), X, %, X5 ) |
| | 1210 - 91‘0’04 BTy ‘
i'l“‘ =11, f(x,) = 1210 409310 _ ! ;
| ! Sy 1310 : |
| ‘ ) _2_02_8_ 1220 = 409 | i !
o 13-11 : ! |
13 = 2028 | . ' , !
5= DSy =208 ] S R

Since two values are to be found, we prefer to find the interpolating polynomial

flx)
(Formula can be used twice by taking x = 8 and x = 15 separately)
fix)=4B+(x-4)52+(x-4) (x-5)15

+(x—4) (x-5) (x-731

F(x)y=x-x*, on simplification.
£(8) =8 -8 = 448 ; f(15) = 15° - 15% = 3150

32, Determine f( x ) as a polynomial in x for the following data using Newton's drmded

difference formula.
X : -4 : -1 : 0 2 : 5
Ly 1245 | 33 s 9 | 13%

>> The divided difference table is formed first.
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T | ‘
x jy=fx) . 1¥ppD
X, = :‘f(xu) = 1245
| flxg.xy)
‘ 33 - 1245
: TTTes -
¥ =-1 f{x;)=33
flxg,x)
8y
x,=0 f(x,)=5
flay, xq)
; 3’3 =2
K32 flxg) =0 -
| | | __f(X3,.¥4)
13-35—9 A
ix4=5 flxg) = 1335} 5-2

f(xﬂ,xl,xz)

|
"8+40_4 = 44
0+4

fOx %, x)
2+28
- -TT =10
2+1

Flxa a2}

2 b p

Sfd D.D |

4" DD

Flxgdy 2y, %5)
10 — 44
= -14
2+4

flx,x,x5,%,)
48 - 10
5+1 13

f('rufxltlex:}l't4)
13+14
5+4

On substituting in the Newton’s divided difference formula [Refer previous problem]

we have

y=f(x)=1245+(x+4)(-404)+ (x+4)(x+1)94
+(x+4)(x+1)(x) (—14)+(x+4)(x+1)(x)(x-2)3

Flx) = 1245+ (x+4) [ —404+94x +94 — 1457 — 1dx + 3% — 327 — 6x ]

= 1245+ (x+4) [ 3% - 177 + 74x - 310 ]
= 1245 + 3x* — 1757 + 7457 — 310x + 12x° — 68%% + 296x — 1240

Thus f(x) = 3x'-53+6x2—14x+5

EXERCISES
Use Newton’s divided difference formula to find f (x ) at the given value of x [1to 5]

L | x4
S

2 x 0
| fexy 4

42
43833 46568 49431 50912

44

- 3 .
58

1z |

F(43) =2
e,
466 922

T fsy =2
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3. | X ! 300 34 | 305 307 !
|___.___..__. Il _._____.4:__.__._ .. ___1 f(301) =7
| f(x) 24771 24829 | 24843 24871 |
. : xjr T 1 ST L
:. —————— ————— i . _———— — e e —_ ?
ol 0 s o [Tws s | SO
5. Ty 1 2] a7
— B U, -7
w576 | 168 | -3 48 B L

Use Newton's general interpolation formula to fit an interpolating polynomial for the

following. [6to 9]

6. u, = 48 ug = 100, u, = 180, ug = 448, 1) = 900, = 1210

7, x 1 o - 3 | 6 7
[ ___L__ ! U S
oy | 3 -6 | 39 2 16.11__J

o B

8. X i 0 1 I 2 5 I
L f(x) 2 3.1 147 )

9. F(~1)=—8f(0) = 3,f(2) = 1f(3) - 12

powers of (x-1)

f(4)y =112, f(7)

1. 479832

3. 2.4786

5. 30

7. 3457 -6

9. 2x—6x°+3x+3

10. (x—1)°+5(x—1)?

when f(x)
= 466, f(9) = 922

Use Newton’s general interpolation formula to find f(x) as a polynomial in
satisfies

f(0)y =4, f(2)=126, f(3)=

ANSWERS

2.

+10 (x-1)+10

194
0.375

xz(xwl)
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Lagrange’s formula for interpolation and inverse interpolation
Statement: Ify, = f(x;), y; = f(x), ¥, = f(x, ).y, = fx, )beasetof values
of an unknown functiony = f( x ) corresponding to the values of x : Xy Xy, Xy, X, not
necessarily at equal intervals then

(x- x }(A‘X ) {Xx—x )]9’0 (I—XU)(-’5_3_52]{3"%)-"(-"_-’5”)]o’i

R P T N S e R TR e Wy
(x—xo)(x X ) (x— Xy )...(.\ _1”)1;2 (\~1U)(r X ) (x—-x .l)y”
(3= %) (% =2 ) (X)X = 1) (3, - ) (%, =X )k X, — %, 1)

Remarks

1. The special feature of this formula is that the terms of the formula involve only the values
in the variables x and y.

2. The values of x also need not be equally spaced, nor need they be in any order.

3. We can interchange the role of x and y in the formula and the same is called Lagrange’s
inverse interpolation formula wwhich helps to find x for a given y. The formula is as follows.

-y y-y)Ly-y )% (y-yy)(y- W)ty -y, )%
A4 A -

:(yo—yl)(yo—yz)m(yovy,,} (Y, —Yyg)ly, - If2) (yl ¥,)
Yy W=y )y -y ly w0, L) -y, ),

+ + .-
(yZ_yO)(yZ&yl) (1’!2 V3) (U2 n} (Hu yO)(Jn ]/]) {yn n—])

WORKED PROBLEMS
33. Use Lagmngf s mterpolatmn for il Ho fmdf( 4 ) Qiven

x o o2 .3 __
feey L -4 2 o 158
>> Let, x, =0 x; =2 Xy =3 Xy =6 x=4
Yyp=-4 y, =2 ¥, =14y, =158 y=7

(xp-% )(10 .5:2)_(.1 1) (x; - xo)(x 12)(.«» -
o))y, '_"___)_(_ff'_ TR

(xz—xo}(xz——x.l)(.1"2—1‘3) (x Xq xl](xS—:rz)

Substituting the values we have,
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: 4-2)3(4-3)(4-6)(—-4
fray = (42200U23)(4-6) (- 4)

L (4-0)(423)(4-6)2
(0-2)(0-3)(0-6)

(2-0)(2-3)(2-6)

(4-0)(4-2)(4-6)14  (4-0)(4-2)(4-3)158
(3-0)(3-2)(3-6) (6-0)(6-2)(6-3)
_(2)(A3(=2)(-4)  (4)=2)2 ¢

+

(4)(2)(-2)14 | (4)(2)(1)158

(=2)(=3)(=6) " (2)(~1)(-4) " (3)(1)(-3) (6)(4)(3)

-4 24 158 382 22 360
=gl sy = =40

9
Thus  f(4) = 40

34. Use Lagrange’s interpolation formula to find y at x = 10 given

(5]

x .

R )
v o< o 12 B 14 18
>> Let, =53 =6 x,=9 x=11 x =10
y, = 12 -’7'1 By, =1y, =16 y =72

We have Lagrange’s interpolation formula,

(o) (rm3) (33
=flay=r—"

%) (=5 (x=x3)
(x,— % ) (X~ % )(1( xy) (A

_10)(1 ~ X, )(x —Xy)
(X)) (=) (Y= xy )y, (F- ) (X =2 (x-15) gy
{x - X )(.‘l - X, )(x X * {1'3~x0)(1 - X )(1 — X, }

F(10) = (=112 (5)(1)(-1)13

(*1}(—4)(—6) (1)(=3)(-5)

L (5)(=1014 (5)(4)(1)(16)
T ey T 66
f(10) = 2 - l; + 1,; + 26 = 43:4 = 14.666... = 14.67

35. Usve Lagrange's interpolation formula to fit a polynomial for the data

y —12 0 6

Hence cstimate uat x =2
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>> Let xoz{} 1'1:1 x2=3 x, =4
= Yy = ?

We have Lagrange’s interpolation formula,

(ox) () () (o) (5 (o)

: - +
(Xg =X ) (g =2 ) (X~ x3) (2 = %) (X =X} (X = X3)

y=f(x)=

(Y_XU)(Y__XI )(3_33)1/2 (X—XU)(X—X] )(1__12 )_};’3

(x-z_xou}.(xz_‘;)-(xz_xz) ' (Y3 =X ) (X3 =% ) (% - %))

(y—1)(x-3)(x-4)(-12)

Now y=f(x) = T (o) +0
S D)(x-4)6  x(x-1)(x-3)12
(3)(2)(-1) . (4)(3)(1)

flx)=(x-1){x=-3)(x-4)-x(x-1)(x-4)+x(x~-1)(x-3)
= (x=1) [(3°=7x+12)~ (£ =4x) +{ x>~ 3x)]
= (x-1) [ -6x+12] = ¥ 7% + 18x — 12,
Thus the required polynomial is f(x) = P72 +18x - 12
Now, f(2)=2-7(2)+18(2)-12 =4
Thus  f(2) =4

36. The following table grves the normal weights of babies during first eight months of life

selinmonts 025 ‘

 Weight (in pourds) 6 A0 12 e
Estimate the weight of the baby at the age of seven months using Lagrange’s interpolation
formula.

-
il
=
i
1l
]
Tt
It
wn
-

>> Let L= 8 ]rz?
Yo=6 y =10 y, =12 y, =16 y =7

We have Lagrange’s interpolation formula,
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(x=x ) (Xx=%,) (x=x3) g (X=3) (X~%,) (x=33) %

y;f(x)-{r —xy) (X5~ xz)(x 3.’3_}+(x ,r{])__(_;m — Xy )(1"_ x3)
(X=x) (¥ =x) ) (x=x3) 0 (x=x) (3 =X HX - )Yy
— ¥ - R
(x,— r[])(t x){x X)) (=X ) (X=X M (X3~ %)
5)(2)(-1)6 7)(2 1) 73(5)(~-1)12 7 2316
£(7) = (5)(2)(=1)6  (7)(2)}(~ (7)(5)(=1) (7)(5)(2)

(~2)(~5)(-8) (2)(-3}{~6)+ (5)(3)(-3) ' (8)(6)(3)

3 35 28 70
f(7)—4—3+ R = 1397 = 14.

Thus the approx. wt. of the baby at the age of 7 months is 14 pounds.
37. Ify(1)=3, y¥(3)=9, y(4) =30, y(6) =132, find Lagrange's mtcrpo:’atton
polynomial that takes on these values.

x, =1 x1=3 x2=4 x3=6

4, ; _ _ 7
132 | y‘f(x)— :

>> Let .
Yy =3 ¥y =9 Yy, =30 y, |

We have Lagrange’s interpolation formula,

(-3 ){x=5)(x=x3) g (¥—x){x—x ) (X-X3) 1

(r x.)(r 1)(x xq) (x, xo)(r xz)(xl—x:,,)
_(_f xo)(r r)(l X )uz (x- x@__)__(l X HxX -1,

(xz_xn}(x —X )(X2 x3) (-‘(3_1’0)[1‘3_}51)(1’3—-‘(2)

y=f(x)=

(x=3)(x-4)(x-6)3 (x-1)(x-4)(x-6)9

J) =0y (53) (- 5) (23(~1)(-3)
(x=1)(x-3)(x=6)30  (x-1)(x-3)(x-4)132
(3)(1)(-2) (5)(3)(2)

-1 3
10 (x-3)(x—-4)(x—-6) + 2‘(1‘—1)(x—4)(x—6)

—5(x—1Mx~3)(x—6)+%§(x—lﬂx-3)(x—4)

1—]0- E—(x—?))(1‘~4)(:r—6}+15(_\‘*1 Y(x—4)(x-06)

—ﬁMx-1)(x—3)(x—6)+44(x—1)(x—3)(x—4)J

We can use the basic expansion formula,
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(x—aY{x-Y(x~¢) = x3—.\'2(a+b+c)+x(ab+bc+ca)—abc

r

f(x) =1, ='L—(x3~]3x2+54x~72)+15(.x--‘—11_r2+34x—24)
—50 (2%~ 10x% +27x - 18 ) + 44 (2% — 82 + 19y —12) |
T ]
= A : -“ - ! -‘_5 .‘ 1
10 L81 ay? 81+84;

| =

Thus the required polynomial is f(x) = [ 4 - % - 29x + 42 ]

38. Givenuy = 707, u, = 819, u, = 866 and ity = 966 compute u, using Lagrange’s

interpolation formula,

>> Let  x =0 x =2 a,=3 x =6 };—:4

Yo =707 y, =819 ¥, = 866 . = 966

We have Lagrange’s interpolation formula,

(x -3(1 3 x- Xy ) (__.\‘_— Xq ) Y, ( ..\‘_— Xy Y(x— \g) (x- X3) ¥y

= b =" +
YO ) (5= 5) iy =30y mxg) (5 ) (3, ~y)

A DA R D S S DA RAC P L

N
(X=X )y =3 )y~ x3) - (33— xy) (x3-x ) (33— x5)

- (2)(1)(-2)707  (4)(1)(-2)819

4 L
M= O ee T -4
(4)(2){-2)866 (4)(2)(1)966
+ + - - = 90643
(3 (L)(-3) (6)(4)(3)
Thus  u, = 90643
39.  Applying Lagrange’s formula inversely find x when y = 6 given the data
ox . w o ww
LY 2 S 79

>> Let ¥ =20 x, =30 x,=40 I xo= 7

Yo=2 ¥y =44 y,=79 y=6

We have Lagrange’s inverse interpolation formula,
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vy (V- Vo (Y -1 ) Yy (lf J{}( “Y )%

+
T =) (=) (y-l ¥y) (yl yz) (};2 (uq Yy )

C(6) = (16)(-19)20 (4)(-19)30 | (4)(1.6)40
: T (-24)(-5.9) (24)(-35) (5.9)(35)

x(6) = 352462
Thus the value of x when y = 6 is 35.2462

40, Theobserved values of a function are respectively 168, 120, 72 and 63 at the four po-»mom
3, 7, 9, 10 of the independent variable. What is e best estimate you can give for te
onltie of the function at the position 6 of Hie independent variable ?

>> For the function y = f(x ), x is the independent variable and y is the dependent
variable.
X, =3 Xy =7 N, =9 x, = 10

i\ 2 ;
Let x=6 y=2
=168y =120 gy =72 yp = 63 6y

It

We have Lagrange’s interpolation formula,

(¥ —x, Y{x—x, }[A ,%)u[} (_x'—.\‘U)(,\' X, My - X )1;1

”_f“)“mxo “___T\U X )(1{] Ny +(,‘|.1—).' ) (X, 12)(11 .\3}
(1—-1 iy —x ) (x- )Uq (1*1 Y =2 ) (X =Xy} iy
G G T (e )
(-1)(-3)(-4)168 (3)(~3)(-4)120
(3)(-1)(-4)72 _(3)(=1)(~3)63
y(-1) (7)(3)(1)

= 12+180-72+27 = 147

Thus the estimate at position 6 of the independent variable is 147

41, Apply Lagrange’s formula inversely mﬁmf i mot of the equation f(x) = 0 given that
f(30) = =30, f(34)=-13 f(38) f(42}-18

>> Here we have to find xsuch thatf{x) =y = 0

x, = 30 =34 x =38 xy= 420
t g Cx=2y=0

We have Lagrange’s inverse interpolation formuia,
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(y yl)(b’ yq)(b’ 1)’:])1() (H“_l/g](}f_yg)(y_%)xl
(yo '4’1)(% b’z)(yo Y30 (=Y Yy =) (- y3)

-y (=3 Y-y (F-y) (V=Y (41, X

T Wyt =¥ (=) (g Ug) (Yo=Y, ) (- ¥y)
(13)(=3)(=18)30  (30)(=3)(~18)(34)
(-17)(=33)(-48)  (17)(=16)(-31)

L (30)(13)(~18)38 (30)(13)(=3)42

(33)(16)(~15) ~ (48)(31)(15)
= - 0.7821 + 6.5322 + 33.6818 — 2.2016
x(0) = 37.2303
Thus an approximate rootof f(x) = 0 is 37.2303

x{0) =

42. Fit an inferpolating  polynomial of the form x = f(y) for the data and hence find

x(5), y(5)
=2 x =10 x2=17‘.
>> Let by =fl{y)=
=1 w=3 p=4 T

Since the polynomial in y is needed, we consider Lagrange’s inverse interpolation
formula,

(¥=y ) (=) xy (H=u)(y—y)x (y- Yol (y—yydxy
x=f(y)_ + —— . .__+ P
(y[] j])(_lfo_yz) (yl“y(])(y]_yz) {yz };’(])(yz Ul}

_=3)(y-H2  (y-1)(y= —4)10  (y-1(y-3)17
(=2)(=3) (2)(-1) (3)(1)

1 17
3 (y=3)(y—-4)-5(y-1)(y-4) + 3 (y-1)(y-3)

- ; (V¥ -7y+12)=5( ~5y+4) + 137 (1 ~dy+3)

Ead
|

Thus =«

fly) = yz +1 1s the required polynomial
(i) Aty =5, x=54+1 =26

(i) Atx =5, 5=y2+1 or }/224 or y =2
Thus x(5) =26 and y(5) =
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43. Using Lagrange’s formula find the interpolating polynomial that approximates to the
function described by the following table.

!
i : .

£(x) : 2 3 | 12 | 147

X

Letxoz[},xlzl,xZ:Z, X, =1 !
> 1

Yo=2, ¥ =3, 4, =12, yy =147 o
We have Lagrange’s interpolation formula,

y = f(x) = (x—x) (_x—__x_z) (x=X3} Y, . (x—Xy) (x—_.j;_z) (x=-xy) ¥y
y (xg=x) (X5=%) (xy=%3)  (x-x) (=%} (- %)

(x—-x4) (.\:—x_l.)_(x—xg’) Y, (xfx{]) (x—xl__) (x—l'z) Yq

" (xy=xy) (2,-x,) (1= 25) * (X - %) (X3— %) (x3-X,)

(x-1)(x-2) (x-5)-2  x(x=2)(x=5)-3

y=fO0 = T (T2 (o5) (1) (-1) (-4)
¥(x-1) (x=5)12  x(x=1) (x=2) 147
(2) (1) (-3) (5) (4) (3)

flx) = —é- (x-1)(x-2) (x-5) + % x(x-2)(x=-5)

, 49 _ _
-2x(x—-1)(x=-5)+ 50 x(x—1)(x-2)

1
f(x) %_—4(x3—8x2+1'7xw10)+15(x3—7x2+10x)

40 (P et e 5x) + 49 (X -3 +2x) )

516 (20x +20x% — 20x + 40 )

44. Using Lagrange’s interpolation method, find the value of f(xyatx = 5given thevalues

¥ l 1 | 3 i 4 |l 6
f(x) | 3 9 5 30 | 132 |
Let xp=1, x, =3, x, =4, x3=6 | _5 f(5) =7

g
y{):3’ y] :91 yzz 3[), y3: 132
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On substituting in the Lagrange’s interpolation formula ( Refer the previous problem ) we
have

fE = RO EDI G EDY @ D30 (4 @) (1132
(o) = + + +

' D -HEH @QEHED B (N (=2) () 3) (2)
£5) = }- — 6440+ 6 - q‘é" = 694

Thus f(5) = 694

45. Using Lagrange’s interpolation formuda, find £ (9 from the following data.

: x ; 5 7 1 13 17
C fn 150 392 s 2366 5202
lLe _*(“ =5, x'[ = 7’ 12 =11 , _\’3 =13 y x'4 = 17

Yo = 150, y, =392, y, = 1432, y, = 236, y, = 5202
We have Lagrange’s interpolation formula for a set of 5 given values,

(X=X )X =X ) (=2 ) (X —x ) Y

yo= iy = —
y=f{x) (xy- 1)[\0 .12)(1'”—:.;)f.rl-]—-‘q)

(1‘—.\‘0)(x-1 ) (x— Xy iy —x }_1;1
(x.‘—3‘“)(.’.1-—1_)(11—1 )(,t]—.\‘4)

(x—x,)(x-x )(1—\ )(1—1 ) Y,
+

(1*\[){1~, .11){ =Xy 1 (X, —Xy)
(.r—.\‘n Moy, ) (.1'—):2 1 - ,\"4}‘1_;3
('\-3_'\-(1“ T )(.1‘3——.\'2](.1'3—.1'4)
s (\—10){1—x )“_____.Jl - Xy )l,f4
(X=X d g =2 ) (- ¥, )(1 vy )

Substituting the values we have,

(2)(=2)(-4(=8) 150 (4)(-2)(~-4)(-8) 392

o
O = o Cer=8yi-12) T (0 (L4)(—6)(-10)
JAN(-4)(-8) MR (4)(2)(-2)(~8)- 2366 (4)(2)(~2) (=4)- 5202
(6)(4)(~2)(-6) (8)(6)(2)(-4) (12)(10)(6)(4)

Thus £( 9} = 810, on simplification.
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Note : When more number of values are given at unequal intervals for interpolation without
the specific mention of the formula, we must prefer Newton's general interpolation formula.

EXERCISES
Apply Lagrange’s formula to find y at the given value of x
1. X L. .~2 5 ot _8 o ‘___._1_%_____?
|y | 948 | 879 , 813 87 | y(11) =72
2 [ x | 12 20 | 25 30 |
y 136 | 058 03¢ . 020 y(l16) =7
O I O VR U -
oy | 24 | 48 162 | 200

¥ (18) = ? (to the nearest integer)
4 Iff(1)=2, f(2) =4, f(3) =8, f(7) =128, find f(5)and f(6) using
Lagrange’s interpolation formula.
Use Lagrange’s interpolation formula to fit a polynomial for the following data

O T N
| fex) S N 49 | o

A _L2 o
y 1|4 : 197 350

[ — e B R p—"

7. Use Lagrange’s inverse interpolation formula to find the value of x for y = 100
given y(3) =6, y(5)=24, y(7) = 58, y{9) =108, y(11) = 174.

8. Use Lagrange’s formula in the appropriate form to fit a polynomial of the form
x = f(y)for the data & hence find x wheny = 4 =

S S U S S S A S
v 2 W oY
ANSWERS
1. 74925 2. 0.8932
3. 145 4, 388,74
3 2 3 2
5 x  +2x"+2x+1 6. 2x " +3x " +4x+5
7. 8.66 8. x =y +2y+2;26
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Note : We briefly present the topic Numerical Differentiation for the benefit of
readers with Illustrative examples.

Suppose Yo Y1, Yy, .Yy, are the values of an unknown function y = f(x)
corresponding to x: Xg o X Xpooo o X, the process of computing f"(x), f”(x),

f7 (x), etc, at some particular value of the independent variable x is known as
Numerical Differentiation.

The approximate value of these derivatives are obtained by differentiating an
appropriate interpolation formula.

Case - (i} : The given valucs of x are equidistant and the given x is near to Xy

We prepare the forward difference table and consider Newton's forward interpolation
formula :

rir—1) r{(r—1)(r-2)

f(xU+rh)=y0+rAyU + (—2l Azy[} T+ TR A3y0+---

Differentiating w.r.t r on both sides we get,
2 3

, A%y, 5 A"y, _

frlxgtrh) h=Ay,+(2r-1) TR (3r'—6r+2) TR D)
Differentiating w.r.t r again we get,

2 _ 42 A33”0

f”(x0+rh)-h = A%y, +{(6r-6} Tt
. o 2 2 3
ie., f (x0+rh)-k =AY+ (r=1) Ayt B ]

Case - (ii) : The given values are equidistant and the given x is near to x,. We prepare

the backward difference table and consider Newton’s backward interpolation formuia

r{r+1) _o r{r+1)(r+2)
flx +rit)=y +rV Yt 51 7 Viy t 3)!(- V3yn+~‘
Differentiating w.r.t r on both sides we get,
sz V31,!
fr{x +rh)-h=Vy +(2r+1) Tﬂ +(3P +6r+2) 5,—” Foee L (3)

Differentiating again w.r.t. r we get,

Frix, ey P = Viy +(r+l) Wy 4. {8
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Working procedure for problems
D The given value of x is appropriately equated to x,+ 1/ or ¥, + rh to obtain the
value of r.

2 The value of the finite differences along with the value of r is substituted into the
relevant result [(1) to (4)] obtained on differentiating the interpolation formula .

2 The same procedure is adopted for finding third order, fourth order . .. ..
derivatives at the given value of the independent variable.

Note : If the interval is unequal then also we can find the derivatives at the given value of the
independent variable by differentiating Newton's general interpolation formula for

y=f(x)
ILLUSTRATIVE EXAMPLES

1. For the following data find f'(1) and f”(3). Verify the answer by fitting an
interpolating polynomial.

X 7 ’ 13 43 145 367
> The forward difference table is as follows.
ey ; ; '3f Ry = - L _
( | Aftx) b AT f() Af(x) AT f(x)
x, =0 vy =7 : _
, |
Ay, =6 : ‘
. i i
- 2 13 PN i | ;
| A=A | |
i 30 Ay, = 48 !
4 a3 | N b i | 0
! 102 | 48 : ‘
. ' : i i
! 6 145 120 !
' j 222
R | |

We have to first obtain results (1) and (2).
Tofind f' (1) wetake x5 +7h = 1 where x5 = 0 and & = 2.

Hence * = 1/2 and (1) becomes
F(1)2=6+40+(3/4-3+2)8=4 -~ f(1)=2
Tofind f”(3)we takex,+rI = 3and we obtain r = 3/2
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Hence (2) becomes

f7(3)-4=24+(1/2)48 =48 . f7(3)=12

X—x
h

We shall find the interpolating polynomial from the Newton’s forward interpolation
formula.

flxg+rh) or f(x) =7 +5(6) + 5 [52-‘--1}12 + %[%—1] (-2"5—2]8
ie., J(x)=7+3x+x(x-2)3+x(x-2) (x~4)
flxy=x-324+5x+7
Differentiating this successively w.r.t. x we obtain
fF{x)= 3x° —6x+5 and f7(x)=6x-6
Now f'(1)=3-6+5=2; f”(3)=18-6=12
Thus the results are verified.

0

Verification: Wehave r = = %

- I R S S A S
A ! 0 i | & 124 60 120 ;
2
Compute (%J and {d_z)
x=2 ax ) x=45

>> The values of x are near to the last value 3 and we first prepare the backward

difference table.
. — - : | . .

* y oo VYL Yy P vy Yy
_2 0
| 0

1 : 0 | | 6
6 6

0 6 12 0
18 6

1 24 18 0
36 V3yn = 6

2 60 Viy, = 24

Vy, = 60
5, =3 | =120 .
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We have to first obtain results (3) and (4).
Weneedtofind f"(2)and f” (4.5).

Accordingly we have to take x_ + /1 = 2 and x, +rh = 4.5 respectively.
Weobtainr = —landr = 1.5 respectively since x_ = 3, h = 1.

Hence (3) becomes
F(2)-1=60+(~1)(12)+(~1)(1) = 47
Also (4) becomes
fr(45)-1=244(25)6 = 39
Thus f"(2) =47 and f”(45) = 39

3. Compute dy at x =3 and &Y

Tr 2 at x = 7 for the data in Problem - 27.
X

>> The values of x are not equidistant and we have to compute f'(3) and f” (7).

Disfferentiating the expression of f (x ) = yw.r.t. x the Newton’s general interpolation
formula we have

f’(l’) =f(x0; .1']) + [(x_xg)'i'(x_x])]f(xo: x]; xz)

+{(x—x,) (x=x )+ (x—x ) (X=X )+ (x-x,) (x— %)} fx,, Xpr Xy, Xg) b
()

Again differentiating (1) w.r.t x, we have

Fr(xy = 2f(x,, x,, x2)+2[(x—x0)+(x—x1)+(x—x2)—‘f(x EEYES
@)

Using the values of the divided differences as in the divided difference table of
Problem - 27 we compute f* (3 ) from (1} and f” ( 7 ) from (2) as follows.

fr3) =B3+[1+(-1)] 19+[(1)(-1)+(-1)(-2)+(-2)(1)] 2
f(3)=43+0-2=41
f7(7)y=2(19)y+2[5+3+2] 2
f7(7)=38+40 =78
Note : Verification

We have obtained in Problem - 27, f(x) = 2 =32 +5x—4
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Fi(x)y=6x"—6x+5andf"(x) = 12x—6
From these, f'(3) = 54 -18+5 =41 and f”(7)=84-6 =78

Numerical Integration

This is the process of obtaining approximately the value of the definite integral
b

I= I ydx without actually integrating the function but only using the values of y
it

at some points of x equally spaced over [a, b]. We need techniques to accomplish

this because, not all functions can be integrated by the various standard methods of

integration. Further there are many situations where we have only some values of y

corresponding to equidistant values of x.

We present three rules/formulae to obtain the value of the definite integral
b

I= _" y dx numerically. The following is a common step for applying any of the rule,
a

The interval [a, b] is divided into n equal parts of width h whereh = (b—a)/n.

Letazxo, x) 2:x0+2h,<~ X, = X

division. Also let Yy = f( Xg ) ¥y = fl X))y, = f(xn) be the corresponding

=x,th, x +nh = b be the points of

values of f(x).

Now we have a set of values of y = f{x) at equidistant points of x and the values
(x, y)are tabulated.

YW Y ¥ R

The rules are as follows :
Simpson’s one third rule

I :
I= 5 {(y0+\‘/;;)+4(lv’|+!f'3+"+.'?'n—1)'+2(y2+y4+‘“+y”‘2)J

Simpson’s three eighth rule

3h
=% [(y0+~"rz)+3(yl+y2+y4+-‘f5+"+-'-*’u--1Hz(ys&*%*"*-"n—sq
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Weddle’s rule

3} n
=% X ky, where, k=1,5,1,6,1,52,51,6,1,5,2,

=0

{

However it should be noted that when n = 6 we have Weddle’s rule,

X, t+ 6h

3h
I = I ydx = o Ly0+5y.l+y2+6y3+y4+5y5+y6}

.1“

Notes : (i) When we divide the interval [ a, b info n equal parts there will be (n +1)
valuesof x © a = Xgr Xqr Xy oo X = b. The corresponding values of y ,also (n + 1) in
number are referred toas the ~ordinates’. Sowe can conclude that if thereare (n + 1 ) ordinates
there must be n equal divisions.

(ii) It is very important to know that

(a) toapply Simpson’s 1/3rd rule n must be a multiple of 2
(b) toapply Simpson’s 3/8 th rule n must be a multiple of 3
(c) toapply Weddle's rule n must be a mudtiple of 6

When n = 6 or multiple of 6 all the rides can be applied to find the approximate value of the
given definite integral,

Working procedure for problems
b

< Given the definite integral / = j y dx for evaluation, first divide the interval [g,
a
b) into appropriate number of equal parts (strips) so as to apply the desired rule.
A= Xg, Xy Xgp X = b be the points of division inclusive of the ends.

2 Prepare a table consisting the values of x and the corresponding computed
values of y denoted respectively by y,, v, ¥, - ¥,

© Substitute values from this table into the appropriate rule to obtain the
approximate value of the given definite integral.

Note : Sometimes it is possible to deduce the value of a certian quantity by equating the
theoretical value of the definite integral (when exists) with that of the numerical value obtained
without integration using the rule.
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WORKED PROBLEMS

6
46. Evaluate _[ 317 dx dividing the interval [0, 6] into six equal parts by applying

0
(@) Simpson’s 1/3rdrule (b)) Simpson's 3/8thrule  (c) Weddle's rule

>> [We have taken a very simple problem with the intension to get a comparison with the
6
6
theoretical answer as the given function is easily integrable. j wldy = [ x3 JO = 216---
0 )

Now let us work the problem by numerical method applying various rules without
the involvement of integration. :

Dividing [0, 6] into 6 equal parts (n = 6) the length of each part is 6;9 =1=h
The points of division are got by starting with the left end point of the interval which
being 0and keep onadding /i = 1 to it so as to reach the right end point of the

interval 6.

The points of division are x =0, 1, 2, 3, 4, 5, 6 and we can easily find the
corresponding values of the given function y = 3x%.

The set of values of x and y are represented in the following table.

x o0 Lo o2 o3 0 4 5 L 6|
T R D O T A T
I _ ! :

% W ¥, o | ¥ |

{a) By Simpson’s 1/3 rd rule

b
I

Jydx:—j[(y0.+yn)+4(yl+_1,*3+y5+...+yﬂ_])+2{y2+y4+y6+...+y”_2}J
i
Heren:6,h=1,a=0,b=6andy=3x2

6

I32d S 4 +ye) 42

X X-3L(y0 })’6)"' (y1+y3 1)’5) (‘9*2‘*'3*’4)}

0

¢ 1
ie., Jszdx=5[({}+108)+4(3+27+75)+2(12+48)J:216

0
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(b} By Simpson’s 3/8 th rule

b

3h
Joyde =5 [ v u)# 3+ gy s Yy )20yt ) |
i

la

=
I
sy

Here n

3 .
3 dx = 8 [(y0+-'/6)+3(91+3”2+y4+y5J+2y3}

LN

=

[#4)
=

]

(I
oo | W

ie.,

S & T |

[(0+]08)+3(3+12+48+75)+2(27)} = 216

(c) By Weddle's rule
X+ 6h

3h
i= I ydx = 10 (y0+5y.l+y2+6y3+y4+5y5+y6)

Py
Q

3]
[ aax - 136 (0415 +12+162+ 48 +375 + 108) = 216
0

3]
Thus I 3x% dx = 216 , from all the three rules.

47. Evaluate J by using Simpson’s 1/3 rd rule taking four equal strips and hence

2
0 1+x

deduce an approximate value of m.

»> Letus divide [0,1] into 4 equal strips (7 = 4)
1-0

length of each strip: h = g }4

: 1 2_1 3 4
The points of division are x = 0, i"1°2' 3" 3 =1

1
Bv data =
y 4 1~1—12
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1
At X = O’ y = - ..__2_ — 1
1+0
NP U B
5 4’ 1+ (142 17
w11 a4
2’ Y 1+ (122 5
L3 116
4’ 1+ (347 25 |
] 1
x =1, = — T —
Y 1+(1)2 2

Now we have the following table.

x o0 ‘ 174 'I__ - 152_ I___ 3/4 1 1

Y= 11+ 1 16717 | 4/5 16/25 1/2 |
I S R N O S IS WA N 7O

p
WL dx = lﬁ{ 1+ -1-]+4(16— + E]+2 - g} = 0.7854
BN

1
J“xz 3 2 17 © 25
! d
Thus |- = 07854
S+

To deduce the value of = . We perform theoretical integration and equate the resulting
value to the numerical value obtained.

—

-0

e

-2 =[tan"‘XJéztan‘l(l)-tan“(O)?

n
o 1427 4

We must have, = 07854 or m = 4(0.7854 ) = 3.1416

L

Thus = = 3.1416 (actual value of m = 3.1415927 .. .)
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1
48. Evaluate _[ Idex taking seven ordinates by applying Simpson’s 3/8 th rule. Hence
0

deduce the value of log, 2

>> 7 ordinates means that the given interval [0,1] must be divided into 6 equal
parts. Thatis »n = 6.

The length of each part is -0 = =h

The valuesof x and y = 1/1+x are tabulated.

X0 e 26 | 36 | a6 56 6/6
y=11+x] 1 67 . 34 . 23 | 35 el | 172
% Yoo Yo . v | W Y5 | ¥ |

Simpson’s 3/8 th rule for n = 6is given by

b
3h
I ydx = 3 [(y0+y6)+3(y1+y2+y4+y5)+2y3}

1
1 1 1 6 3 3 &8 2
6‘-]+xdx~-la{[lwkz]+3(7+4+5+ﬁ}+2-§}—0.6932

1
d
Thus | - = 0.6932
0 1+x

To deduce the value of log,2 :

Integrating the given function theoretically,

_il
H

1
(3[ ! dx = [loge(l+x)J0

1+x
=log,2 - log, 1 =log,2, since log 1 =190

Equating this with the obtained numerical value we have,

log, 2 = 0.6932
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4
49. Use Simpson’s 3/8 th rule to evaluate j e’ dx
1

>> To apply Simpson’s 3/8th rule, # must be a multiple of 3 and we shall take
n =3 itself.

" the length of each part/strip ( h )} = 4—;—1 =1

Simpson’s 3/8 th rule for n = 3 is given by

b
3h
Iydx =73 Yy ty3)+3(y+yy)]

i

The table showing the values of x and the corresponding values of y = e’ correct to
four decimal places is as follows.
I R S T S S
oymer | 278 e | s | 12800 |
- O T Y
Substituting these values in the rule,
! 3
I e dx = 3 [(2.7183+1.284)+3(1‘64-87+ 1.3956)} = 4.9257
1
4
Thus [ % dx = 4.9257
1
Note: ¢’ cannot be integrated theoretically.
a2
50. Find the approximate valuc of j Veos €@ d0 by Simpson’s 1/3 rd rule by dividing
0
[0, /2] into6 equal parts.
/2 -
>> Length of each part (k) = T-E--—()—O = % or 15"

The values of 6 and the corresponding values of f(8) = Vcos 8 correct to four
decimal places are tabulated.
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e 0 |00 4w | e’ | 7 |
Veos® | 1 09828 | 09306 08409 ; 07071 | 0.5087 0
________ % il M ¥ | ¥ Y

Simpson’s 1/3 rd rule for n = 6 is given by

b

h
_[ yde = 3 [(y0+y6)+4(y1+y3+y5)+2(y2+y4)}
i

Here h = n/12 where & = 22/7

/2
[ Veos® do = “/312 [(1+0)+4(0.9828+{}.8409+0.5087)
0
+2(0.9306+0.7071)J = 1.1873
n/2
Thus I Yeos0 40 = 11873
1]
3
dx ) ,
51. Ewvaluate _[ ——— by Simpson’s 3/8 th rule.
o ( 1+x)

>> Since the number of strips to be taken is not mentioned explicitly,
let us take n = 3 and apply Simpson’s 3/8 th rule.

Length of each strip (h) = 3;(] =1
We prepare the following table.
I T D - A N
v =1/(Lsx) ! BT B LAe
oo H | b2 s
Simpson’s 3/8 thrule for n = 3 is given by,

b

3h

j ydx = ) [(y0+y3}+3(y]+y2)}

i

y 1 3 1 ‘11

- _3 1 B
Uj TR Unm] £30 5+ 9]J 0.8047
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3
Thus I __g_ix‘_z = 0.8047
g (1+x)
Remark : Suppose we integrate the function theoretically,
3 3
% — -1 __1+1:.3:0_75
o (1+x) 1+x 4 4

Had we taken more strips (lesser k), we would have got the answer closer to the actual value.
if we work out by taking n = 6 which gives h = 1/2 the answer works out to be 0.7582621
which is relatively closer to the actual value 0.75

dx

52.  Use Simpson’s 1/3 rd rule with seven ordinates to evaluate J
log,, x
>> Seven ordinates means that the giveninterval [ 2, 8] mustbe divided into 6 equal
parts.(n = 6)
-2

Length of each part (/) = 86— =1

The valuesof xand y = 1/log, x are tabulated.

S S T S - T TN 2 T
y = 1/log,x: 33219 20959 1()61 14307 | 12851 , 1.1833 1.1073
- L - - . ——— I I —
o obnm oo o [y s s o,
Simpson’s 1/3rd rule for n = 6 is given by,

y h

I yde = 3 [(Ju+y6)+4(y1+y3+y5)+2(y2+y4)]

i

8
j ---‘-ix-—i— = % [(3.3219+1.1073)+4(2.0959+1.4307+ 1.1833)
2 oL

+2(1.661 +1.2851 )} = 97203
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03
53.  Use Simpson’s 3/8 th rule to obtain the approximate value of I (1-8% )1/"‘ dx by
0
considering 3 equal intervals.
>> The length of each interval (h) = 0—:33‘—0 =01 ;~n=23
The valuesof xand y = (1 - 8x° )1"2 are tabulated.
T YR N = M AT S
|y =(1-83)2 1 0w | 09675 08854
S S B T

Simpson’s 3/8 th the rule for » = 3 is given by

b

3h

J. ydx = ) [(y0+y3)+3{y1+y2)J

a

0.3 30

[(1-83)"% ax = --(—58'1—) [(1+0‘8854}+3(0.996+[}.9675)}

0

0.3
Thus [ (1-8°)"% = 0.2916

0

06 )
54. Use Simpson’s 1/3 rd rule to find I e dx by taking 6 sub- intervals.
0
. 0.6-0

>> Length of each subinterval (/)= —— - =01 ; n=6

6

-

The valuesof xand y = ¢~ " correct to four decimal places are tabulated.

x| o0 }_—01 l_o2 T 03 " oa 05 | o6 |
;y”_xﬁ_ 1 1 099 09608 09139 | 0.8521 0.7788 0.6977
= - e | - o
S (O TR T BT N SR /SN Yo |
Simpson’s 1/3 rd rule for # = 6 is given by
b

h
J ydx = 3 [(y0+y6)+4(};’1+y3+b'_5)+2(5’2+y4)J

a
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0.6
2
j e ¥ dx = %] [(1 +0.6977 ) + 4 ( 0.99 + 0.9139 + 0.7788 )
0
+2 ( 0.9608 + 0.8521 )J = (.5351
0.6
_ 2
Thus [ ¢ * dx = 0.5351
0
x?_

xdx
2

1
56. Evaluate |

) by Weddle's rule taking seven ordinates and hence find log, 2
+Xx '
0

>> Seven ordinates means that the interval [0, 1] must be divided into 6 equal parts.

Length of each part (k) = l;g ='(1)- ;o n= 6
. 12 1 3 1 4 2 5 6
The points of division are x = 0, 6" 63 6°2'6°3" & 6—1

and the corresponding values of y = x/1 +x% are computed.

0

x=20, = - =0
T ‘o)
x_l Y = 'l/6 _‘_6_ (y )
6’ 1+(16)> 37 71
gl N S R R
30 YT iuayp 10t
o2 2
20 Y 1+(12y¥% 5 &
x = g _ _.___,2._43_‘.__.._ — E ( )
30 Y 1+(2/3¥ 13 Y4
el 2 _ Y6 30
6 7 1+(5/6)> 61 Y5

1 1
x=1, y=— =, (y)
y 1+(1) 2 Y

Weddle’s rule forn = 6 is given by,
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b
3h
Iydx =10 [9})*59'1+y2+6.'f3+y4+5y5+y6J

1
xdx 3 1 (E’_\! 3 e(2) ., 6 303 1
j]+x2_10-6{0+5 37j+10+6[5J+]3+5[61J+2}~0.3466
0 \ .

Thus | —"= dx = 03466
o 1+x
Now we shall deduce the value of log, 2.

Integrating theoretically the given function we have,

1 1
J‘ x dle 2x dx
0 1+ 2 0 1+
= ‘—,12 log (1+IZ):I: = % log,2 - 5 log, 1
1
_x_2 = % log, 2, since log.1 =0

Equating this with the numerical value obtained we have,

1
2

Thus log,2 = 0.6932

log,2 = 0.3466

2
56. Evaluate _[ cos xdx by applying Simpson’s 1/3rd rule taking eleven ordinates.

G
Compare the value with the theoretical value.

>> Eleven ordinates means that [ 0, 7/2 ] must be divided into ten equal parts.

I
The length of each part (k) = -E—T—O- 0 _ 2—’; =9 ; n=10

The values of x and cos x correct to four decimal places are tabulated.
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- ; -

i T —— I | | S :
x° ‘ Q° 9% 187 277 . 36° | 45 | 54° | 637 i 72° . B1® | o9p°

N Bl ST e _ :
F cosx 1 109877]0.9511 10.8910/0.809010.7071 0.5878 0.454 |0.3090(0.1564 0
kA S Dl bl it : 7 ‘

| Yo l 2 ! Y4 Yy Y5 Yo 1 Y7 Yg Hy ‘ Y10

Simpson’s 1/3rd rule forn = 10is given by

b
h
Fydr =3[ (ot wig) +4 =3 s 407 9) + 200,y 3+ 4 |
a
/2 ) .
J' cos x dx = 3 % [(1+0)+4([}.9877+0.8910+0‘7071+0.454+0.1564)
0
+2 (09511 +0.8090+0.5878+0.3090)J
/2
ie., J cos x dx = 1.000000358 by taking n = 22/7
0
n/2
Thus I cosxdx =1
0

Theoretical value :
n/2
. /2 . .
I cos X = [smx]U =sin(n/2)-sin0 =1-0 =1
0

Remark : Observe accuracy in the numerical value, since the number of strips / parts
are more.

52 -
57.  Evaluate I log, x taking 6 equal strips by applying Weddle's rule.
4

>> The length of each strip () = 52-4

6 02 ;. n=6

The values of x and y = log, x are tabulated.
x4 T 42 44 46 | 4.8<1 5.0 5.2 1'

y=logx| 13863 | 14351 14816 | 15261 15686 | 16094 | 16487 |

i - - o I C——— - B T R

|

Yo 1 ¥s 1 Y

i
| H
FR S - ——— L

i ' Y Yio W LE
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Weddle’s rule for n = 61is given by

b
3h |
[ yax = o [y0+5y1+y2+6y3+y4+5y5+!¥6

a

52
j log, x dx = 3 (1002 ) [ 1.3863 +5 (1.4351 )+ 1.4816 + 6 ( 1.5261 )
4
+1.5686 + 5 ( 1.6094 ) + 1.6487 }
5.2
Thus j log, x = 1.8279
4

58. Use Weddle's rule to compute the area bounded by the curve y = f(x), x-axis and the
extreme ordinates from the following table.

. x| o o234 s e |
:l__..___. o —— e . %._._._._. . T_ Y . - - :
oy | oo 2 25 | 23 2 17 | 15
6
>> Area(A) = I ydx.
{0
We have by data,

y(}:g’ y‘l =2’ }!21 25’ y3:23, y4 22, y5: 17,y6= ].5

Weddle’s rule for n = 6is given by,
b

3h
j ydx = o [y0+5y1+_1;2+6y3+y4+5y5+y6}
i

_3d)

&
A:Iydx 10
0

{0+5(2)+2.5+6(2.3) +2+5(1.7)+1.5] = 11.49

Thus the required area is 11.49 sq units.

59. A plane area is bounded by a curce, the x axis and two extrene ordinates. The area is
divided into six figures by equidistant ordinates 2 inches apart, the heights of the ordinates
being 21.65, 21.04, 20.35, 19.61, 18.75, 17.80 and 16.75 respectively. Find the
approximate value of the area by numerical integration.

»>> Heren = 6, h = 2 and the values of iy are :
yo = 2165y, = 2104y, = 2035, yy = 1961, y, = 1875, ys = 178, y; = 1675

We shall apply Weddle’s rule.
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3h
[ yax -0 EOE AL AV AL A
I

— [ 21.65+5(21.04)+2035+ 6 (19.61 )+ 1875 +5 (178)+ 16.75}

Thus the required area = 233.616 sq. inches.

60. Find the distance travelled by a train between 820 AM and 9 AM from the
foHows ng data

_ Time ‘ 820AM sabAMIswAM

SSOAM  9AM

24"'2 T 35 a3 | 428 _ 39.4 _""4

lSpeed in mz!ee/hour

>> If 5 be the distance travelled and v is the velocity, we know that v = g
fZ
§ = J vdt.

f

Since we have a set of five values,

n =4 and time interval = 10 minutes = é hour . h = %
Let v, =242 v =35 v, = 413, v, = 428, v, = 394 .

Simpson’s 1/3rd rule for n = 4 is given by

5 f [{Uo+v4)+4(zf1+z=3)+21r2]

K
1

=3 ;((242+394)+4(35+428)+2(413}} 54

Thus the distance travelled is 25.4 miles approximately.

EXERCISES
Evaluate by using simpson’s 1/3 rd rule :
a2
1. _[ Vsin x dx by taking #n = 10
0

1
2. I ¢ ¥ dr bytaking h = 0.1.
; .
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3. J_g_(1+2x2) dx by taking n = 10
0 1+x

4 J

Evaluate by using Simpson’s 318 th rule :

. 5 dx by taking 7 ordinates and hence deduce the value of log 2.
+ x

/2
5. J. SN gy
0
0.3
6. _[ (1-8x° )3”2 dx taking seven ordinates.
0

2
7. _[ ,——— by taking six equal strips and hence deduce the value of =

Evaluate the following definite integrals by dividing the given interval into six equal
parts applying (a) Simpson’s 1/3rd rule (b) Simpson’s 3/8th rule :

1 b

d
j_darj 9.'[ dx mjxr
o (T+x) g 2tcosx 1452

11. A rocket is launched from the ground. Its acceleration a is registered during the
first one minute and is given below. Apply the Simpson’s 3/8th rule to find the
velocity of the rocket at the first minute.

_ Timefinseconds) |0 | 10 | 20 | 30 | 40 1—_5'0 60|

Aae]eratm (cm/se@)y 30 3163 | 3334 | 3547 | 3775 | 4033 4325 |
, dv

Hint: velocity v = J adt, since a = I

Evaluate by using Weddle's rule :

n/2
13, nj .

1 X
NSt —=— dx by taking six equal strips.
sin x + Vcos x

Also  (a) find the theoretical value (b} deduce the value of &
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2
14. I cos x dx correct to two decimal places by taking.
-m/2

(a) Sixsub-intervals (b) Twelve sub-intervals

Evaluate the following definite integrals by dividing the given interval into six equal

parts applying (a) Simpson’s 1/3™ rule (b) Simpson’s 3/8" rule (c) Weddle's rule.
Also compare the answers with the theoretical value.

1
15, _[ dx .

g (1+x)

d
6. [ —%

2+cosx
0
ANSWERS

1. 1.1873 2. 0.7468
3. 0173 4. 0.23105; 0.69315
5. 3.1016 (for n = 3) 6. 02765
7. 0.5236;3.1416 8. 0.500908 : 0.5001895
9. 1.8133;1.8114 10. 0.3465 : 0.3466
11, 2150.025 cms/sec 12. 1.377
13. 0.7854, n/4, 3.1416 14. 129, 181

15. 0.500908, 0.5001895, 0.5000119 ; theoretical value = 0.5

16. 1.8133, 1.8114, 1.8148 ; theoretical value = n/v3 = 1.8138



